surface functional approximation to the general theory of nonlocal Stokesian fluids is obtained. The relationship between this theory and the existing phenomenological theories of turbulence is demonstrated. The theory is then applied to the problem of turbulent channel Row. An exact solution is obtained for the mean velocity and turbulent stresses which is shown to be consistent with existing experimental data.
I. INTRODUCTION The problem of hydrodynamic turbulence is still not fully understood despite the extensive research effort of the past century. Statistical theories have been formulated which have shed considerable light on the structure of isotropic turbulence, but since isotropy requires the flow field to be homogeneous these theories have limited use. The desire to describe turbulent flows which are strongly nonhomogeneous (e.g. wall turbulence) has invariably led investigators to the phenomenological approach which requires additional assumptions to obtain closure. Usually, this is provided by assuming that certain relationships exist between specific turbulence correlations and the mean velocity field. The earliest thoughts consisted of constructing algebraic equations tying the Reynolds stresses to the mean velocity gradients. Although Boussinesq[l] was the first to suggest such an approach, the mixing length theory of Prandtl [2] was the first tangible theory to be proposed. Despite the fact that the mixing length approach has been of use in engineering applications, it does not form a basis for a general theory since it is geometry dependent and contains functions which are chosen to suit the problem under consideration. An even more fundamental problem intrinsic to the mixing length approach is the assumption that the turbulent stresses depend only on the local mean velocity field. Experimentally corroborated large scale structures in turbulence contradict such an assumption. In mathematical terms, this simply means that the turbulent stresses are more generally function& of the mean flow where we use the term functional in its broadest mathematical sense (i.e. any quantity determined by a function). Recognizing this fundamental fact, Kolmogorov [3] was probably the first who attempted to introduce it into the modeling of turbulent flows. However, the first comprehensive attempt is attributable to Rotta [4] , who obtained closure by empirically modeling terms in the Reynolds stress transport equations. Rotta also derived a differential equation for the length scale of turbulence which appears in the modeled terms. This work has essentially laid the foundation for almost all current turbulence models (see Meller and Herring [5] , Donaldson and Rosenbaum [6] , Daly and Harlow [7] , Hanjalic and Launder [8] , and Launder et al. [9] ) While this approach is substantially better than the mixing length theories that preceded it, there exist certain fundamental problems associated with it. The modeling completely breaks down in the viscous sublayer so that the equations cannot be integrated to a solid boundary. This can be quite inconvenient in that external information is required concerning the structure of the viscous sublayer. Furthermore, the modeling of diff usion and dissipation terms is highly unreliable. In particular, the dissipation is modeled by utilizing Kolmogorov's assumption of isotropy which completely breaks down for flows in the vicinity of solid boundaries. In much of the literature, the Rotta-Kolmogorov model (or similar models) are used in a semi-empirical way to study turbulent flows confined by solid boundaries. The equations are solved in the turbulent core and then are matched to the "law of the wall" data (see Hanjalic and Launder[8] and Briggs et af. [lO] ).
In addition to many of the problems already discussed, all turbulence models seem to neglect one indisputable fact: turbulent flows confined by solid boundaries are strongly nonlocal, i.e. the magnitude of the turbulent macroscale is of the order of the geometrical scale of the flow. While the importance of nonlocal effects on the structure of turbulence has long been recognized by hydrodynamicists, the nonlocal Stokesian fluids of Eringen[ll] seem to be the first such theory to be proposed. In the nonlocal theory, postulates are stated globally and the constitutive theory is formulated to account for long range interactions. Since the nonlocal theory takes into account the global nature of the flow we feel that it is an excellent vehicle for the study of turbulence thus establishing the ruison d'etre for this work. Furthermore, the nonlocal theory is cast in a form that is independent of the observer (i.e. it is form invariant under arbitrary time dependent changes of frame) unlike all previous models. The RottaKolmogorov model is only Galilean invariant and many other models are not even cast in tensor form. and v, p, 0 and V are, respectively, the velocity field, density, absolute temperature, and volume of the fluid. In (2.1), the stress is a function of d, p, and 0, and a functional of /3(x') and 7(x').
Hence the stress at a point x of the fluid is determined by the velocity at all points x' E Y, Throughout this work the usual summation convention applies on repeated indices and a comma denotes partial differentiation, e.g.
Also, for brevity we omit the arguments x and t, e.g. we write uk(X') = 1)&i', t), uk = Uk(X, t).
FOF the turbulent flow of a Newtonian fluid we decompose the velocity field into an ensemble mean velocity V plus a fluctuating velocity u. The equations of motion (obtained by averaging) take the form
where 0 is the mean pressure, ? is the mean body force, p is the density, p is the shear viscosity, and r is the Reynolds stress tensor given by
(2.4)
Here we take a phenomenological approach by setting 
The general nonlinear theory resulting from (2.6) is rather complicated (see Eringen[l3] and Speziale[l4]) so here we will consider a surface functional approximation which is much simpler and appears to be quite suitable for the study of wall turbulence. More precisely, by the application of the Divergence Theorem, (2.6) can be decomposed into a body (volume) functional part and a surface functional part, respectively, so that
Since we are using integral representations for the Reynolds stresses it is necessary to identically satisfy the condition of vanishing Reynolds stresses at a solid boundary. If this were not the case the problem would in general be overdetermined. Intuitively, we might expect the surface functional part of (2.6) to be dominant for flows in the vicinity of a solid boundary. A further argument in support of this is that within the framework of a surface functional theory it is possible to identically satisfy the condition of vanishing Reynolds stresses at a solid boundary for a wide class of flows. This can be done quite easily if the surface functional part is of the form
since 5 satisfies the "no slip" condition at a solid boundary. More precisely, we will construct T such that
where II * II is any suitable norm and where 7' vanishes identically at any solid boundary S,. This will guarantee that
(2.9)
and that for.flows in the vicinity of S0
Of course, for Bows far removed from a solid boundary the body functional part could not be neglected. After constructing the surface functional theory (2.8) we will show that it is a special case of the general body functional theory (2.6). Of course, 7 is a frame-indifferent tensor, i.e. 7 This results from the fact that T is constructed from the fluctuation velocity
and a velocity difference at the same point x and same time t is a frame-indifferent quantity.
Hence we have u*=Qi (2.14) under (2.12), so that by utilizing (2.4) we immediately obtain (2.11). While a velocity difference like (2.13) is frame-indifferent, a velocity difference between two diflerent points is not. However, although T(Y) -T is not frame-indifferent, the scalar measure is, since Since g and x' -x are frame-indifferent, it is a rather simple matter to show that the invariance of (2.17) under (2.12) simply requires that au,,, be an isotropic tensor function of its arguments. Then, a routine calculation (see Spencer 
where K = x' -x and we have neglected the isotropic part of rs, since this surface functional approximation is intended to represent strong departures from isotropy. Of course, such a term would appear in the body function part of the turbulent stress tensor. In later sections, this issue of turbulent scales will undergo further examination.
RELATIONSHIP BETWEEN THE NONLOCAL THEORY AND OTHER PHENOMENOLOGICAL THEORIES
Before demonstrating the relationship between the nonlocal theory and the older phenomenological theories we shall show that (2.23) identically vanishes at solid boundaries foi a wide class of flows. As stated earlier, this must be satisfied or the problem will, in general, be over-determined. In order to show that this condition can be satisfied identically we consider two rather general classes of flow: (a) the class of internal flows where a fluid flows in an infinitely long conduit of arbitrary shape (see Fig. l) , and (b) the class of external flows where a uniform stream of infinite extent flows around a body of arbitrary shape (see Fig. 2 ). For both of these flows Equation (3.4) also holds in both cases if SO is undergoing a rigid body motion since Z? and hence 7 are invariant under rigid body motions (see (2.1 I)). Of course this must be the case since turbulent stresses defined by an ensemble mean must vanish at moving or stationary solid boundaries.
In order to demonstrate the relationship between the nonlocal theory and the older phenomenological theories we consider a unidirectional mean turbulent flow in the vicinity of a solid boundary (see Fig. 3 Now, if we make the usual assumption (due to Prandtl) that the shear stress is constant in the vicinity of the wall, we have
where C, is a dimensionless constant. A simple integration and change of variable then yields the well-known "law of the wall" (3.14)
where C2 is another dimensionless constant. However, here the so-called "law of the wall" comes out as an approximation to a general theory which is not geometry dependent and which is furthermore invariant under a change of frame.
NONLOCAL SOLUTION OF TURBULENT CHANNEL FLOW
The problem to be considered is that of fully developed turbulent channel flow. An incompressible fluid bounded by two parallel plates of infinite extent is set into motion by the application of a pressure gradient (see Fig. 4 ). The applied pressure gradient-G is constant and is maintained by external means. Fully developed turbulent channel flow can be produced when where a0 and ko are dimensionless constants to be determined. Since
by the no slip condition, equation The normal Reynolds stresses T~ and ?rv can now be obtained by simply performing an integration. From (2.23) we have
After recognizing that those terms that are odd functions of Y-x are annihilated, (4.14) reduces to 
which is equivalent to which completes the solution.
5.COMPARISONOFTHETHEORYWITHEXPERIMENTS
Since turbulent channel flow is one of the simplest types of turbulent flows to produce experimentally a large amount of data has been collected over the years (see Reichardt[l9] , Laufer [20] , Comte-Bellot [21] , Hussain and Reynolds [22] ). However, the nonlocal solution given by (4. a result which is very close to that obtained from the nonlocal theory (see Fig. 7 ). This is a very promising result in that the nonlocal theory yields a mean velocity and Reynolds shear stress consistent with experimental data for the entire channel width, with no adjustment of the constants. In the usual empirical treatments of turbulence the channel must be split into three regions (each with a different set of functions and constants) and the results must be matched at the interfaces. This approach, which can require as many as six constants, breaks down near the centerline of the channel and allows for jump discontinuities in the derivatives of the mean velocity. In the nonlocal theory there is no such problem since with only two constanrs the mean velocity and turbulent shear stress were set into a one-to-one correspondence with the experimental data for the entire channel width. We now return to the issue of turbulent length scales. For turbulent channel flow it is a simple matter to show that (5.12) where
Since the main contribution to the average dissipation comes from the viscous sublayer and the "law of the wall" region it can be shown that we obtained mean velocity profiles that were in excellent agreement with the data of Laufer [20] for the entire channel width [23] . However, the dimensionless normal Reynolds stresses also grow with increasing lo/h. With the exception of a thin layer around the channel walls, experimental data indicates that they should decrease mildly with the Reynolds number. This could mean one of two possibilities: either one length scale is not sufficient or the surface functional approximation for the normal Reynolds stresses is only valid for a very thin layer around the channel walls. Nevertheless, it does appear that the surface functional approximation for the Reynolds shear stress and mean velocity field is quite good. On physical grounds we might very well expect the body functional part of the Reynolds stress tensor to be isotropic since when a!l boundaries are removed the flow would decay to a more isotropic form. Hence, we might propose the following form for the turbulent stress tensor 7kl = (5.18) which could account for this discrepancy. Of course, there is always the possibility that because of the high degree of anisotropy of wall turbulence a single master length scale does not suffice. Future research will be needed to resolve this question. Furthermore, in this paper we did not take into account the possible history dependence of the turbulent stresses on the mean velocity field. For fully developed wall turbulence, history dependent effects are probably unimportant in comparison to nonlocal effects. This is confirmed by the success of the mixing length theories in describing certain types of flows in this category.
The nonlocal fluid mechanics is still in its infancy with much future research to be done. Nevertheless, we feel that the present calculations demonstrate the potential of the nonlocal theory in describing the large scale structure of turbulence.
